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Buckling of Elastoplastic Circular Cylindrical Shells
Under Axial Compression
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National Tsing Hua University, Hsinchu, Taiwan 30043, Republic of China

The buckling behavior of elastoplastic circular cylindrical shells under axial compression was investigated ana-
lytically and experimentally. For analysis, a finite element code based on the updated Lagrangian formulation
was established to analyze the axial buckling problem by considering nonlinear geometric and material proper-
ties. An iterative displacement-controlled scheme was adopted in the solution procedure to avoid numerical insta-
bility near the buckling load. The ratios of diameter to thickness considered were between 25 and 400. A com-
pressive testing machine was used to perform the axial buckling experiments. The ratios of diameter to thickness
of the aluminum specimens were 100 and 133. It was found that the buckling strength was reduced by variations
of initial thickness along the axis of the cylindrical shell. The ratio of length to diameter and the boundary condi-
tions had little influence on the buckling loads, but caused varied postbuckling behavior.

Introduction

CIRCULAR cylindrical shells are commonly used in engineer-
ing structures, such as planes, missiles, silos, and tanks. Dur-

ing their service life, these structures are subjected to loadings of
various types. In past investigations of the stability of elastic iso-
tropic cylindrical shells under axial compression, Ramsey1 exam-
ined elastic axisymmetric axial buckling of infinitely long shells
using the Cosserat surface theory. The elastic buckling analyses
of glass-reinforced plastic cylindrical shells using finite element
code NONL5 were reported by Abu-Farsakh and Lusher2 and
Abu-Farsakh.3

When compared with results predicted by linearized, elastic,
small deflection theories, previous work showed that the experi-
mental results were much smaller than analytical buckling loads
due to the influence of imperfections. Hansen4 investigated the ef-
fect of random imperfections on the elastic buckling of circular cy-
lindrical shells. Liu and Li5 used a stress hybrid shallow shell ele-
ment to examine the influences of initial ovality and lack of
straightness on the elastic buckling stress of cylindrical shells. The
imperfection sensitivity of elastic axial buckling was adopted to
solve some other related problems. For instance, Rotter and Ten^
and Rotter and Zhang7 treated the welded joints on circular cylin-
drical shells as imperfections to determine their axial buckling
strengths. Krishnakumar and Foster8'9 and Foster10 studied the in-
fluence of imposed diamond local dimples on the buckling loads
of isotropic epoxy shells experimentally.

For metals, buckling of cylindrical shells with relatively small
diameter-to-thickness ratios usually occurs in the plastic range.
Axial buckling of cylindrical shells compressed into the plastic
range was investigated as early as 1949 by Bijlaard.11 Lee12 and
Batterman13 showed that relatively thick cylindrical shells under
axial compression buckled with an axisymmetric mode. Sobel and
Newman14 examined the elastoplastic buckling of circular cylin-
drical steel shells with a ratio of diameter to thickness of about 37
experimentally and analytically. The effect of initial geometric im-
perfections on the plastic buckling of axially compressed cylindri-
cal shells was also studied.15"20 Batterman and Lee15 found that the
effect of initial imperfections was enormous for the diamond-
shaped circumferential mode buckling according to incremental
theory. Gellin17 investigated shells with a sinusoidal axisymmetric
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imperfection based on the J2 deformation theory. Yun and
Kyriakides18 assessed the so-called "beam" and "shell" modes of
buckling of buried pipelines under axially compressive loads; they
demonstrated that initial geometric imperfections could strongly
influence the critical loads and strains for both types of instability.
Tvergaard19'20 analyzed the problem of elastic-plastic cylindrical
shells with initial axisymmetric imperfection that bifurcated into a
nonaxisymmetric shape; his analysis includes the possibility of lo-
calization of buckling modes. Ramsey21 treated the material as
rigid plastic with isotropic work hardening and found that the lo-
calization of axial buckling deformation was governed by the ratio
of radius to thickness of the cylindrical shells.

Since imperfections reduce the axial buckling strength of elastic
circular cylindrical shells, we present a way to investigate the ef-
fect of initial imperfections on the buckling strength of elastoplas-
tic circular cylindrical shells. Elastoplastic material behavior was
considered, and a finite element code based on the updated
Lagrangian formulation22'23 was developed to analyze elastoplas-
tic buckling and postbuckling behavior of circular cylindrical
shells under axial compression. An incremental displacement-con-
trolled scheme was adopted to avoid divergence near the buckling
load. The analytical results are compared with experimental ones
for aluminum circular cylindrical shells with ratios of diameter to
thickness of 100 and 133. The axial buckling loads of elastoplastic
circular cylindrical shells are shown for ratios of diameter to thick-
ness in the range 25^400. The effect of different boundary condi-
tions on the elastoplastic buckling and postbuckling behavior is
also presented.

Updated Lagrangian Formulation
As the shell surface undergoes large displacements and large ro-

tations for the buckling problem, the updated Lagrangian formula-

Fig. 1 Motion of body in a stationary Cartesian system.
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Configuration T

Configuration S

Fig. 2 Shell element undergoing large displacements and rotations.

tion was adopted to treat this nonlinear geometry problem. As
shown in Fig. 1, the body moves and deforms from the original
configuration O to the current configuration S; all variables and
the equilibrium of the body in the current configuration S are
known and used to obtain the next required equilibrium configura-
tion T. The linearized equilibrium equation of the problem was de-
rived from the principle of virtual work22 as

(1)

in which Cijrs is the elasticity tensor, etj and r^- are the linear and
the nonlinear parts of the strain increment tensor, T^ is the Cauchy
stress tensor, and HI is the corresponding displacement at the point
where the external force TPi is applied. All of these tensors were
considered in the current configuration S, whereas the external
force TPi was referred to the next required configuration T.

Finite Element Method
The degenerated shell element24 with eight nodal points was

used to discretize the continuous system. This element geometry
was interpolated using the midsurface nodal point coordinates and
midsurface nodal point normals. It is assumed that lines that were
originally normal to the midsurface of the shell remained straight
during the element deformation and that no transverse normal
stress was developed. As shown in Fig. 2, (r, s, t) is a set of orthog-
onal natural coordinates for the element. The coordinates of a ge-
neric point in the shell element undergoing large displacements
and rotations were interpolated as

(2)

in which Nk=Nk (r, s, t) is the shape function at nodal point k, Xk

is the local coordinate of nodal point k, £ is the local coordinate in
the thickness direction, ak is the thickness at the nodal point k, and
Vk is the unit normal vector to the midsurface at nodal point L

The incremental displacement Ue of a generic point in this ele-
ment from configuration S to configuration T is expressed as

NkU (3)

in which Uk =[ ur, uk
s, u\ 1 is the incremental displacement at

V2, which form a set of orthogonal vectors with V , as shown in
Fig. 2. There are five degrees of freedom—ur, us,ut,ak , and
p£—for each nodal point. With the coordinate transformation be-
tween the local coordinates (r, s, t) and the global Cartesian coor-
dinates (jc, v, z), the equilibrium equation (1) can be expressed in
the following form in global coordinates for each element as

where

[K], = J [B]LdV

dV

p. =

,Tdv

(4)

(5)

(6)

(7)

(8)

In Eqs. (4-8), [£"•]/ and [K}ni are the linear and nonlinear parts of
the element stiffness matrices, [B]L and [B]NL are the corre-
sponding linear and nonlinear strain-displacement transforma-
tion matrices, [C] is the material property matrix, [T] and T are
the Cauchy stress matrix and stress vector, TPe is the effective
force vector in the configuration T, and Fe is the internal nodal
point force vector.

Assembling the element equilibrium equation, Eq. (4), we ex-
press the global system equilibrium equation as

{ [ K ] L + [ K ] N L } U = 'P- (9)

in which [K]L and [K]NL are the linear and nonlinear parts of the
global stiffness matix, U is the global displacement incremental
vector from the current configuration S to the next required con-
figuration T, TP is the global effective applied force vector in the
configuration T, and F is the internal force vector in the configu-
ration S.

Elastoplastic Materials
For hardening materials, the Ramberg-Osgood equation was

used to fit the uniaxial stress-strain curve:

(10)

in which 8 and o are the axial strain and stress, E is the elastic
Young's modulus, cy is the yield parameter, and n is the hardening
parameter.

If the material remains elastic, the elastic material property ma-
trix [CJ under the assumption that the stress in the shell normal di-
rection remains zero is
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nodal point k; ak and $k are rotations along the directions Vl and
in which v is Poisson's ratio. The factor 1.2 is included in the ma-
trix to correct the uniform shear stress assumption through the
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thickness direction.25 If the material is loaded beyond the yielding
surface, the elastoplastic material property matrix [Cep] must be
used:

[CJ {a}({a}'[CJ)
H+{a}T[Ce]{a}

in which

(12)

{a} = ?w (13)
3°

(14)

For plastic material behavior, we assumed that under the multiax-
ial stress state the effective stress-strain relation was equivalent to
the uniaxial stress-strain relation. The isotropic hardening rule
was used for further yielding of the material based on the J2 flow
theory,

(15)

in which 2 is the effective stress, and amax represents the
greatest value that a reached in the loading history. The initial
value of amax used in the analysis was Q.6oy. Equation (15) was
used to judge whether further loading occurs for each Gaussian in-
tegration point in the process of forming the stiffness matrix.

Displacement-Controlled Incremental Procedure
In solving the system equilibrium equation, Eq. (9), the equation

is expressed in the iterative form22'23 as

(16)

in which / represents the iteration index. In Eq. (16), [K]L and
[K]NL were not updated in an incremental step, and rF(z~1} was
calculated based on the prior state / — 1.

A displacement-controlled scheme was used to avoid numerical
instability near the buckling load. The end displacements of the
circular cylindrical shells were used as the controlling increment.
The shells had no external forces applied except on the two ends.
In each increment, the known end controlling displacements were
eliminated from the displacement vector £7W with proper modifica-
tions made to the stiffness matrix and external force vector. Then
the condensed form of the equilibrium equation is

{ [ K ] L C + [K}NLC}U? ='

in which subscript C means "condensed." Thus, all entries of Ur,
are unknown, and all entries of P J and F J are known; 17?

T (0was solved easily, and P in Eq. (16) was calculated thereafter.
As Eq. (17) is of the iterative type, the iterative process stopped only
when the following convergence criterion based on the displacement
was satisfied:

\m (18)

in which 8D is a chosen convergence tolerance, 0.001. The total
displacement vector U in the required configuration T was ob-
tained:

u = (19)

in which U is the displacement vector in the current configura-
tion S.

Experiment
A testing machine was used to perform the axial buckling exper-

iments on the circular cylindrical shells. A load cell and one dis-
placement transducer were used to measure the compressive force
and the axial displacement of the tested shells, respectively. The
signals of the load cell and the displacement transducer were am-
plified and collected by a data acquisition card built into a micro-
computer.

The specimens used in the buckling experiment were made of
aluminum alloy 6061-T6. The ratios of nominal diameter to thick-
ness of the specimens were 100 and 133, and the lengths were 97
and 190 mm; the inside diameter was 96 mm. To simulate the
fixed-end boundary condition, we used a clamping set to fix the
ends of the specimens with epoxy.

Six strip specimens were cut from the circular cylindrical shells
to find the material parameters. Equation (10) was used to fit these
testing stress-strain curves. The average material parameters ob-
tained are E = 66.9 GPa, vy = 240 MPa, n = 28.8, and v = 0.34. The
0.2% offset yield stress a0 is also calculated to be 242 MPa. All of
these parameters were used in the numerical analysis.

Results and Discussion
The well-known elastic axial buckling stress acr of a cylindrical

shell is

2Et,

W3(l-v2)
(20)

in which D and t are, respectively, the diameter and thickness of
the circular cylindrical shell. A necessary condition for the use of
Eq. (20) is that ocr < a0 , the yield stress of the shell. If acr calcu-
lated is larger than a0 , the inelastic behavior affects buckling and
must be considered.

The analytical load-displacement responses of elastoplastic cir-
cular cylindrical shells (D/t= 100, L/D = l,D = 97 mm) under axial
compression are shown in Fig. 3 in which the axial load P and
axial shortening uy were made dimensionless by Py = TcDro0 and
the length of shell L, respectively. The Ramberg-Osgood material
behavior, obtained by multiplying the axial stress in the shell with
its end cross-section area nDt, is also shown in this figure for an
idealized nonbuckling circular cylindrical shell. According to Fig.
3, the postbuckling response of the elastoplastic buckling curve is
distinct from the nonbuckling one.

Typical analytical and experimental curves are shown in Fig. 4
for shells with D/f=100, LID = 1.96, and D = 97 mm. The limit
load type of buckling is considered. The experimental buckling
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Fig. 3 Load-displacement responses of circular cylindrical shells
under axial compression.
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Fig. 4 Analytical and experimental responses of circular cylindrical
shells under axial compression.
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Fig. 6 Analytical load-displacement responses of circular cylindrical
shells under axial compression with different boundary conditions.

Fig. 5 Experimental buckling deformation of circular cylindrical
shells under axial compression.

load is about 3% lower than the analytical one. A bulged ring com-
bined with four semi-diamond-shaped indentations suddenly ap-
peared at the limit load (Fig. 5). As the experiment continued, the
axial load kept decreasing as shown in Fig. 4, and the deformation
became severe. The ring-type deformation was also observed by
Lee,12 Batterman,13 and Sobel and Newman14 for thick shells, and
the diamond shape resulted from the buckling of thin shells. The
clamped ends made the bulged ring occur easily near one end. As
the specimens were relatively thin, thin shells adapted the diamond
shape.

The analytical load-displacement responses of circular cylindri-
cal shells under axial compression with different boundary condi-
tions are shown in Fig. 6. The boundary conditions considered
here are simply supported ends, one end simply supported and the
other clamped, and clamped ends. The axial buckling loads for
these three boundary conditions were similar, whereas the post-
buckling behavior varied, as shown in Fig. 6. The deformed shapes
at buckling of circular cylindrical shells with both ends simply
supported and both ends clamped are, respectively, shown in Fig.
7. The deformed shape with simply supported ends, shown in Fig.
7a, consisted of diamond-shaped indentations near the ends* but
the one with clamped ends (Fig. 7b) consisted of ring shapes.

Fig. 7 Analytical buckling deformation of a circular cylindrical shell
undef axial compression with a) simply supported ends and b)
clamped ends.

Axial Buckling Loads
Figure 8 shows the axial buckling loads of elastoplastic circular

cylindrical shells with various lengths for ratios of diameter to
thickness (D/t) of 100 and 133. The results show that the buckling
loads alter slightly for ratio of length to diameter (LID) up to 4 and
the buckling behavior is termed as a "local" type. The analytical
buckling loads of shells with D/t~ 133 are much greater than ex-
perimental ones due to geometric Imperfections of the testing
specimens. The axial buckling loads of elastoplastic circular cylin-
drical shells with varied ratios of diameter to thickness are shown
in Fig. 9. The buckling loads P were made dimensionless by
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Fig. 11 Axial buckling strength for varied initial ovality.
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Fig. 12 Axial buckling strength for variations of initial thickness
along the circumference of cross section.
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Thickness Variation Around the Circumference
The variation of thickness around the circumference of a circu-

lar cylindrical shell is expressed as

(23)

in which t0 is the mean thickness, andrj3 is an imperfection param-
eter. The assumed thickness variation, Eq. (23), is similar to the
geometric eccentricity mentioned in the paper by Liu and Li.5 The
axial buckling loads Pb of circular cylindrical shells (L/D = 1.96)
with D/t= 100 and 133 for various r|3 values are shown in Fig. 12.
These buckling loads were made dimensionless by dividing by the
corresponding ones (P0) with r|3 = 0. The axial elastoplastic buck-
ling loads of circular cylindrical shells are shown to be almost the
same for Tj3 values less than 0.3.

Thickness Variation Along the Shell Axis
The variation of thickness along the axis of a circular cylindrical

shell is expressed as

Fig. 14 Analytical load-displacement responses for variations of ini-
tial thickness along the axis of the circular cylindrical shell under axial
compression.

Py = 7iZ)m0 , and the dimensionless buckling loads decreased as
the D/t ratio increasesd.

Initial Imperfections
Initial imperfections of four types and different boundary condi-

tions were analyzed to find their influence on the elastoplastic
buckling and postbuckling behavior of circular cylindrical shells
under axial compression.

Radius Variations Along the Shell Axis
The geometry of a cylindrical shell with variations of initial ra-

dius along the shell axis is expressed as

t(y) = 2r|4sin (24)

in which r|4 is an imperfection parameter. The axial buckling loads
Pb of circular cylindrical shells (L/D = 1.96) with D/t = 50 and 100
for various ri4 values are shown in Fig. 13. These buckling loads
were made dimensionless by dividing by the ones (P0) with Tj4 = 0.
Figure 13 shows that the axial buckling loads were strongly influ-
enced by Tj4. The axial buckling loads decreased for both positive
and negative T|4. The axial buckling loads of circular cylindrical
shells with D/t= 100 were influenced more by r)4 than the ones
with D/t=50. The cases of both ends being clamped had greater
buckling loads than the cases of both ends being simply supported.
Figure 14 shows the analytical load-displacement responses of cir-
cular cylindrical shells with D/t= 100, L/D = 1.96, and both ends
clamped for various positive r|4. Both the axial buckling loads and
the axial displacement at buckling decreased as Tj4 increased.

R ( y ) = /?0[ l+Ti1sin(7uy/L)] (21)

in which RQ is the nominal radius, r^ is an imperfection parameter,
y is the axial coordinate, and L is the length of the shell. The initial
geometry, Eq. (21), is referred to as out-of-straightness for axially
symmetric imperfection.5 The axial buckling loads Pb of circular
cylindrical shells (L/D = 1.96) with D/t= 100 and 133 for various
r\i are shown in Fig. 10. The buckling loads were made dimension-
less by dividing by the corresponding ones (P0) with rj^O. The
axial elastoplastic buckling loads of circular cylindrical shells
were only slightly influenced by r^ values between -0.03 and
0.03.

Initial Ovality
Another initial radius imperfection considered is the ovality of

the cross section of the circular cylindrical shell. The radius /?(cp)
around the circumference is expressed as

= /?0[l+r|2cos2(p] (22)

in which r\2 is an imperfection parameter, and q> is the angular co-
ordinate. The axial buckling loads Pb of circular cylindrical shells
with D = 2R0 = 91 mm, D/t =133, and L/D = 1.96 are shown in
Fig. 11. These buckling loads were made dimensionless by divid-
ing by the corresponding one CP0) with r\2 = 0. The axial elasto-
plastic buckling loads of circular cylindrical shells are almost the
same for rj2 values less than 0.05. The assumed initial ovality, Eq.
(22), was also used by Liu and Li5 for cylindrical shells under ex-
ternal pressure combined with axial compression and by
Tvergaard26 for elliptical cylindrical shells compressed axially.

Conclusions
The elastoplastic buckling of circular cylindrical shells was in-

vestigated analytically and experimentally. For shells buckling in
the plastic range, the elastoplastic analysis was adopted. For the
cases considered, the following conclusions can be made.

1) The axial buckling load of the circular cylindrical shell is
minimally influenced by the ratio of length to diameter in the
range of 1<L/D<4.

2) The ratios of elastoplastic buckling loads of circular cylindri-
cal shells under axial compression to the corresponding yield loads
decreased as the ratio of diameter to thickness (D/t) of shells in-
creased, for circular cylindrical shells that buckle in the plastic
range.

3) The axial buckling loads of circular cylindrical shells were
slightly influenced by variations of the initial radius along the shell
axis and by initial ovality for the assumed types of imperfection.

4) The elastoplastic buckling loads of circular cylindrical shells
under axial compression were reduced by the thickness variations
along the axis of the shell.

5) Boundary conditions had little influence on the buckling
loads but caused different postbuckling behavior for circular cylin-
drical shells under axial compression.
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